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Abstract: The present paper deals with study of recurrence of generalized second order in a

Finsler space Fn* equipped with non-symmetric connection. We have tried to make study of

special birecurrent and special generalized birecurrent Fn* of first and second kinds and have

obtained results of significance. An attempt has also been made to study the recurrence of
third order in such a Finsler space with special reference to the first curvature tensor

R, (x,%) of F, .
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INTRODUCTION

The recurrent Finsler spaces have been studied by Mishra and Pande [3], Sen, R.N.
[1], Chaki and Chaudhary [2], have introduced the Ricci-recurrent spaces of second order and

studied the properties of the recurrence vector and tensor field and the curvature tensor field

H j.kh in an n-dimensional Finsler space Fn equipped with Berwald’s symmetric connection

coefficient Gj.k (x,x). Ray, A. K. [4] has defined the generalized 2-recurrent Riemannian

space. An attempt to extend the theory of generalised 2-recurrent curvature tensor to Finsler

geometry has been made by Pande and Khan [5] and many more. Pande studied recurrent
Finsler spaces of third order having symmetric connection parameter Gj.k and Berwald’s

covariant derivative defined in it. Pandey and Mishra, R.B. [6] has carried out a comparative
study of various types of recurrent Finsler spaces by using Berwald’s and Cartan’s curvature

tensors.
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1. SPECIAL R*- BIRECURRENT F, :

;fk ® - covariantly with respect to X" and thereafter using

+
. . ho+
Differentiating R, = A,R

+ +
h + _ h +
Ry, =1, R, ‘m, we get

Im

h

an 47 =0 or Ry =0.

Therefore, we can state:

THEOREM (1.1):

* . . . .
If a R"-recurrent F, of first order be special R"-birecurrent of second kind then such an
* . . * . .
Fn is ether flat one or in such an Fn the recurrence vector is a covariant constant.

Let us now suppose that the special birecurrent F: of first kind be also 1-recurrent then in

such a case we can easily state the following:

COROLLARY (1.1):

If a special birecurrent F: of first kind be also 1-recurrent then such an F: is either flat one

. * . .
or in such an Fn the recurrence vector is a @ - covariant constant.

+ +
Commutating Rl.j.lk * = /1m Rl.];k " , with respect to the indices ¢ and m and thereafter using
Cm 4
the relevant commutation formula, we get
h 47 L7 4 h +h 4 h +hoyr

. +
(1.2) 9, R |Rpjix X" + Rijk Rrim— Ryjk Ritm— Rirk R jom—

+hoLr ny
_Rijr Riom— Rijk |p an;/ =0.
While deriving (1.2), we have taken into account that the space under consideration is also 1-

recurrent. Exactly a similar result can be obtained if we start our discussion from

+ +
h + h + . .
Rl.jk = /1,, Rijk and proceed in a like manner. Therefore, we can state:
- m

Im
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THEOREM (1.2):

In a special birecurrent F: of first and second kinds, (1.2) always holds. Transvecting

by the metric tensor g7, we get
m

+ + +
_ h + h + _ h +
=4 Ry, , and R; =1, R,

+
h +
Rijk

Im Im

+ +
43 @ Ru'| Y| =ARm|

+ +
And b) ijkh+‘ +‘ﬁ=/1ijpkh+ﬁ

respectively. Conversely the transvection of (1.3a) and (1.3b) by the associate tensor gip of

+

+ +
the metric tensor g, yield Rij.'k i and Rl;.’k =4 R;fk | respectively.
m

+
_ h +
- ]’m Rijk ‘

Im Im

Then, the above conditions are equivalent to the conditions (1.3a) and (1.3b) respectively.
Therefore, we can state:

THEOREM (1.3):

A special R -birecurrent space of first kind and special R" -birecurrent space of second kind

may be characterized by the equation (1.3a) and (1.3b) respectively.

+ + + +
Contracting Rl;.’k * o A, R;k i , and R;k " .= A, R;k " _ with respect to the indices i
and h, we get
+ +
(1.4) a) Ru™| "| =4 Ri"
m I/ m
+ +
And b) Rjk+m+‘€=/1ijk+€

respectively. Thus, the Ricci tensor R i of a special R -birecurrent F: of first and second
kinds satisfy (1.4a) and (1.4b) respectively. Conversely if the Ricci tensor of a Finsler space
F: satisfies (1.4a) or (1.4b) then the space need not be special R" -birecurrent of first and

second kinds respectively, Therefore, we can state:

THEOREM (1.4):

The Ricci tensor R ik of a special R -birecurrent F: of first and second kinds respectively

satisfy (1.4a) and (1.4b) and conversely if the Ricci tensor of a Finsler space F: satisfies
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(1.4a) or (1.4b) then the space need not be special R -birecurrent of first and second kinds

respectively. Transvecting (1.4a) and (1.4b) by gjp , we get

+ P +P
+ o+ +
(1.5) a) Re™| 7| =A, R« o
+ P + P
And b) Re ™ +€=ﬂmRk+[.

Contracting the indices p and k in (1.5a) and (1.5b) and thereafter using the fact that

R;p =R, weget

s+ e
(1.6) a) R . £=/1€R .
+ +
and b) R*| * = AR Therefore, we can state:
THEOREM (1.5):

In a special birecurrent F: of first and second kinds the contracted tensor R also behaves
accordingly.

2. GENERALISED 2-RECURRENT R+F: :

DEFINITION (2.1):

A Finsler space F " is said to be generalized birecurrent of first kind if the curvature tensor

n
L h
Riji satisfies the relation

h

+ h
(2.1) Rix *

+h . +
n:'B” lek ‘m+a Rijk

mn
m

where [, and «,  are respectively the non zero associated vector and associated tensor of
recurrence.
We commute (2.1) with respect to the indices m and n and thereafter use the relevant

commutation formula and get

oL L+ 4 h +hoLr +

+ hooLr +h
(2-2) _Ririjk Rmn+ Rijk ern_ Rrjk Rimn_ Rirk ijn+ N,:m Rijk P

h

h + h +h +
m _ﬂm Rijk +‘n +(amn _anm)Rijk :

+ r +
+
_Rijr Riomn = ﬂn Rijk
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With the help of (2.2) we can easily verify that @, is non-symmetric however if we assume

that a,. is symmetric recurrence tensor and R ik is a first order recurrent curvature tensor

with respect to given associated vector of recurrence then from (2.2), we get

+h 4 L7 4 h +h o 4n +hoLr +ho4n
(2.3) er]k Rmn + lek ern Rrjk Rimn_ Rirk ijn_ Rijr kan+
L h

+,Br Rijk N;m =0.
Contracting (2.3) with respect to the indices 4 and k and using the relevant commutation

formula X' +|jk -X' +|kj=—(amXi)R;';k)'cp +X'"anjk +X' T N, , we get

r + " + r
(2.4) (a szijn Rrj Rzmn_ Rzr ijn+ ﬁ RU O .

The following identities can be easily obtained

+

+ . + L. + .
25 a Re=Rjx’ b) Rji'i'=R;x'=(n-1)R

+ o+

Lt , .
c) (aer)xf =(n-1)d, R—R:.
Transvecting (2.4) successively by %' and X’ and thereafter using ( 2.5a, b, ¢), we get

(2.6) (a Rijn = ,3 RN . Therefore, we can state:

THEOREM (2.1):

Ina R" generalized 2- F: (2.6) always holds. Transvecting (2.1) by X', we get

+h +h +h
2.7) Ri"| =B,Ri"| +a, Ri.

Commutating (2.7) with respect to the indices m and n and using the relevant commutation

formula, we get

, LT - +hoLr +h 4 h
(2-8) (arRJk)Rm"+ R]k ern_Rrk ijn_Rjr kan+
+h +h +h L+ h
+ Rjk+r N =B Ru" —,Bijk+n+(0(mn—a’nm)Rjk.
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Differentiating (2.8) @ - covariantly with respect to x' and then transvecting the result thus

obtained, we get

+h +h L h
29 (@,-a,)"| R+(a,, —a, )R +B,R | +
L h +h L h
+ﬁn+ﬂRk+m—ﬂmRk+M—ﬂm+ﬁRk+n

-
, +ern Rk +‘€ +

. +h
:—[aerk]+

47 4+ h +h
+ +
+Rk ern L _Rrk

L L h LT
g)'Cr Rmn_ ar Rjk .X.:j Rmn "

L h

—R. *

LT

+ho o4 .
Rmn_RrkRmn p

LT
R kmn —
4

0

h

+
—R,

+7 +h +h
on | +Re 7| NL,+RT| N7
4 rl r l
Contracting (2.9) with respect to the indices 4 and k and then using (2.1) and the set of

equations given by (2.5), we get

\
2100 R* )+a,RN,,

(BN, +N,

+
+ ( namf - lenanf)R+

| (=i -]

+(@,, @, )Rl +(B5,+5,"|

)R+ +{(8,I+€J1+€m}+
l n 4

Allowing a cyclic interchange of the indices £,m and n in (2.10) and thereafter adding all the

)&,

_(:Bmﬁz + :Bm ’

three equations thus obtained, get

+

B, +Rar[,3)N;m] +R| N °

r> " [nm

]

(2.11) (R "

+ +
= (” _1)|:{?/[mn+ I +18[n7mf]}R+ 7/[mnR+ e +,B[n+ ¢ Rm—

B R |44 3R | Rim b
[m |€ |n] r [mn ‘
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where,
dif .
(2.12) Yon =&, — O . Therefore, we can state:
THEOREM (2.2):
L h

In a Finsler space Fn* with generalized birecurrent curvature tensor R, the identity (2.11)

always holds. Differentiating (2.7) partially with respect to i we get

+h . +h .
(2.13) éi(Rjk ' mnj=ai(Rjk‘mJ,Bn R | (9.8,)+

1 mn mn

. + h . + h
+(aa )Rjk+6¥ [ai Rjk}.
Using (2) &' "1,=0=4%" "I, () R} =R, ", (©) R, =R, ;x",
(d Ry =—Ry;, Ry =—Ry;, (& Ny =—N,; =I", =I'; . (O ', =9,
And (2.1) the identity (2.13) assumes the following form
h

+
h +
Fim _Rrk

m

LT

h +
n 1—‘irm + Rjk

+h 4T
(2.14) x? Rigi * o+ {R T |

ijm

n

+h +h
r + r +
1_‘ijn - Rjr n 1_‘ikm - Rjr

+
+
_Rrk

+

m n

L h
r +
” Fikn - Rrjk

+7 +h +h
*q ot r .p o+ -q ot r o .p
+Xx qu]k ‘n ipmx - Rr]k ” +x qu]k ‘m Fipnx +

+7 +h +h +h
h  + roo+ roo+
+R]k 1—‘irm " _Rrk 1—‘ijm " _R]r 1—‘ikm " Rr]k +
+h L h LS ,
- q ) ro+l e.p o+ roo_ ) _
+x qulk Fipm ; X Rjk \ rimn Rjk Frsm

rjm ipn

L h L h Lh L h
—Ra I —R;s T, —| Ry + X Rsgix thmx’}l“? x?

LT h h

+h N N + +
= B,{ %' Ry | +RiT}, =R T, =Ry T, —

ikm
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+h +h +h
. -q . r -p . +
- Rr]k+ X qu]k Fipmx + Rjk

(E)K,Bn)+

m

. + +h
+(0,¢1,,, ) Rix+ @, X" Rige .

Commutating (2.14) with respect to the indices m and n and then writing Fz.k o= ,BnFZ.k,
m
we get
Lh Lh h
. =+ .t . +
218) &3 Rigi ™| = Roain X0, L0 X" = Rigi | ™
L h
- Rigjn 21 I
Lrelon +lRT, +RAT, T i
- 9 Jo| i mn S rilm s X rtlm <ip>n]x
+ . + + .
+Rj ai&’[mn] + Rj m 8<l.>/3n].

Therefore, we can state:

THEOREM (2.3):

In a Finsler space F: with generalized birecurrent curvature tensor R;k the identity given by

(2.15) always holds provided ng be supposed to be first order recurrent with respect to the

associated vector of recurrence.

DEFINITION (2.2):

A Finsler space F: is said to be generalized birecurrent of second kind if the curvature

tensor R;k satisfies the following relation

h

n h
(2.16) R ™"

+h . +
= le Rijk + OJmn Rijk
mn n

where ,Bm and &, are respectively the non-zero associated vector and associated tensor of

recurrence.
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According to the provisions of this definition, if we carry out calculations as have
been carried out in the foregoing lines of this section, we can easily arrive at the following

conclusions, which are being described in the form of corollaries.

COROLLARY (2.1): Ina R" generalized birecurrent space the following always holds
Lo+ N+ T +
(2.17) (a, Rjan— B RN =0.
COROLLARY (2.2):

Ina R"- generalized birecurrent space of the second kind the following identity always holds

Nr +

[mn

(2.18) (R+

+
r +
,:Bw +Rarijmn] +R

r

]

Bn”

R+
14

+
n] _IB[n

R+
l

. +7
+ a R an *
m] {( " ) [ } ‘]
COROLLARY (2.3):

In a R"- generalized birecurrent space of the second kind the identity analogous to (4.15) is

given by

N o e L h
(2.19) X7 4 Rigix ] Rigie X Ty Tl X7 — Rigin ‘n] B — —Rigik o7

1 o - +h + !
_ - r s TS r x”
= 2 Rj . aiNnm + RS Frj[n + RS] X 1—‘rz‘[n 1—‘<ip>m]'x +
+ o
+R; aia[mn] +R; (n a<i>ﬁm] )

Provided Ff;.k be supposed to be first order recurrent with respect to associated vector of

recurrence.
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