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Abstract: A graph G is said to be an edge product graph if there exists an edge function f: E —
P such that the function f and its corresponding edge product function F on V satisfies that F(v)

€ P forevery v € Vandif e, e, ...,e, € E such that f(e;) . f(eo) .... . f(ep) € P then the edges

er, €, ...,ep are incident on a vertex. In this paper, for a given cyclic graph G(V, E), the edge
product number of cycles is found.
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1. Introduction

Most graph labeling methods trace their origin was introduced by Rosa [8]. A function f a
B-valuation of a graph G with q edges if f is an injection from the vertices of G to the set
{1,2,3,..q}such that when each edge xy is assigned the label If(x) - f(y)l, the resulting edge labels
are distinct. A graph G(V,E) is called a sum graph if there exist a bijective labeling f from V to a

set of positive integers S such that xy € E if and only if f(x) + f(y) € S.

Let s(G), the sum number of G, denote the minimum number of isolated vertices that must be
added to G so that the resulting graph is a sum graph [6,7]. Ellingham [5] proved the conjecture
of Harary [6] that s(T) = 1 for every tree T # K. In [2], the authors proved that s(K,) = (2n — 3).
Sum graphs and sum number of graphs can be found more in [1].

The sum number of paths is found in [6]. Chen proved that trees obtained from a star by
extending each edge to a path and trees all of whose vertices of degree not 2 are at least distance
4 apart are integral sum graphs [3,4]. Labeled graphs serve as useful models for a broad range of

applications such as coding theory, x-ray crystallography, etc.
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The authors have been studied some properties of edge function and the necessary conditions for
a graph to be edge product function, with examples in [9]. The idea about edge product graphs
and the edge analogue of product graphs are in [10]. Also we found the edge product number of
graphs in paths. Another aspect of edge product labeling that caught the author’s attention was
that there were relatively few techniques and necessary conditions to show whether a graph is an
edge product graph. In this paper, for a given cyclic graph G, we investigate their edge product
number.

2. Previous Results

All graphs are finite and simple. Let G(V, E) be a graph. A bijection f : E — P where P is a set of
positive integers is called an edge function of the graph G. Define F(v) =[] {f(e): e is incident
on v}jon V. Then F is called the edge product function of the edge function f. G is said to be an
edge product graph if there exists an edge function f : E — P such that f and its corresponding

edge product function F on V satisfy the conditions that

(i) F(v) € P foreveryv €V

(i1) If er,ez, ...,6p€E such that f(e;) . f(ez) . ... . f(e,)EP, then ey, ey, ...,e, are incident on a
vertex.

Let EPN(G), the edge product number of G,denote the minimum number K, components that
must be added to G so that the resulting graph is an edge product graph. For any connected graph
G other than K;, EPN(G) > 1. Let EPN(G) =r. An edge function f: E — P and its corresponding
edge product function F which make GUrK, an edge product graph are respectively called an
optimal edge function and an optimal edge product function of G. Let E = E|UE, where E; is the
edge set of G and E; that of rK,. Then EPN(G) = Cardinality of the set {F(v): v € V, F(v) &
f(E;)}. The function F is said to be an outer edge product function if F(V)Nf(E;) = ® and inner
edge product function if F(V)Nf(E;) # ®. The range of F has atleast r elements. It has exactly r
elements if and only if F is outer edge product function.

3. Edge product number of cycles

Let Cg, for all q = 3 be a cycle on q vertices with Vi = {vy, vo, ..., vq}and E; = {vivi41): 1S1<(q

— D)}U{vqvi} be the edge set. The cycle Cq is triangle free and has no pendent vertex. Any
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optimal edge product function F of Cg, for q = 4, is an outer edge product function. In this section

we investigate the edge product number of cycles.

Theorem 3.1. EPN(C,) = 2 for some q = 3.
Proof: Consider C; is a cycle and r is a smallest number. If EPN(C3) = r, then the graph

(C3UrKy) is an edge product graph. The mapping f: E — P is an optimal edge function and F is

an optimal edge product function of f. Let {vi, v, v3} be the vertex set of the cycle Cs, then

F(v1), F(v,) and F(v3) are the three distinct elements of P in which one of the function can be an

edge of E. Therefore the number r = 2 and EPN(C3) = 2. The following graph C3U2K, shows that
EPN(C3) =2.

Vi

12

W; e 18 P

Figure 1
Theorem 3.2: EPN(C,) = 3 for some q > 4.

Proof: Let C, be a cycle for some q = 4. Since by theorem 3.1, we proved that EPN(C,) =2 for

some q = 4. Then there arise two cases.

Case (1) when q is even

Let q = 2p for some p = 2. Assume EPN(C,,) = 2 for some p. Consider the graph C,,U2K,. Let V
= {vi, V2, ... ,Vop, Wy, Wo,wa,watand E = {vivg .10 1 <1< (2p — DU {vyvy, wiwa, wawy} of G.

Let f: E » P ={a;: 1 <1< 2p}U{pi, p2} be an optimal edge function and F be an optimal edge

product function of f. The optimal edge function f is defined by f(vivi+1)) =aifor 1 <1< (2p - 1);

f(vopvi) = agp for p 2 2; f(wiwz) =p; and f(w3wy) = p2. Then the optimal edge product function F
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is defined by F(vi) = ay, x a1 ; F(v;) = (ag-1) X a;) for 2<1<2p ; F(w;) = F(w2) = p; and F(w3) =
F(w4) = p>. Then the range of the edge product function F has only two elements. For any two
vertices u and v are adjacent, then we have F(u) # F(v). Therefore, F(vi) = F(v3) = ... = F(vy,-1)

and F(v2) = F(v4) = ... = F(vyp)
(le),app X aj=ay X a3=...=app-2) X aop-n and a; X e =az3 X a4=... =app-1) X a2

(i.e), (ap/ ar) = (ax/ ag) = ... = (app-2)/ azp ). Suppose (app-2)/ azp ) > 0, then we obtain that ay, >
a > ag> ... > agp-2 > ay, which is a contradiction. Hence for some p, EPN(C,,) = 3. By

defining an appropriate edge function to prove EPN(C,,) = 3.

Let C,U3K; be the given graph. Let V={vi,va,...,vop,Wi,W2,W3,W4,Ws,We}and E = {vivi .10 1 <1
< (2p — D}U{vapvi, Wiwa, Wswa, wswe}of G. Let A=3p +p)/2and Pbe {2°*: 1 <i<pju{2**
1: 1 S 1 S p}U{2A+p+2 2A+2p+1 2A+2p+2}.

Define the edge function f: E — P by f(v(a;i . 1)vai) = 2° flifor1<i< p

f(vaivais) =20 TP for 1 <i<(p—1)

f(vopvy) = 24!
f(wiwa) = 22 2P * and flwswg) = 22722

Define the edge product function F of f by

F(vi) = f(vopv1) X f(vivy) = 24 1% 2P 1 = 2AFP+2 = f(w wy)
F(vai+1)) = f(vaivai+ 1) X T(vai+ hvais2) for 1ISi<(p-1)
AP Pt oA 2 g
F(vai) = f(vai- 1yvai) X f(vaivei+ ) for 1ISi<(p-1)
N RV S R B
F(vap) = f(Vap- 1yVap) X f(vamvy) = 2Px 2471 = 2472+ 1 = fwaw,)
F(wi) = F(wy) = f(wywy) =287P*2

F(w3) = F(ws) = f(waws) =227 and F(ws) = F(wg) = f(wswg) =2272P+2,
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Thus the range of the edge product function F has only three elements namely, 2% * P * 2,

24+ 2+ 1 and 22 * 2P * 2 and all are the elements of P. Hence the function F is into P. Now the
elements of P in ascending order as: 2P ¥ 1 2P*2 2% pA*IpA*2  pA¥PoA+PE2oA+ I
and 2**?*2 Then the elements of P satisfy the following three conditions:

(i) 2P 'x2P 2 > 0%

(i) 20" 'x 2P *2x ... x 2% =24 < 24!

If the value of f(e;) x f(e;) X ...x f(e;) =P where ej, e, ..., e, € E and r > 1 then P is among the

three elements 22 P +22A* 2P + 1 and 24+ 2P +2 The elements of P is divided into three sets,

namely Py = {2P"' 2P*2 . 2%} Py = (2% 282 L 2A"P)and Py= (20 P2 2RI A
+20* 2} Therefore P = P;UP,UP;. Then the elements in the sets P;, P, and P; have the following

properties.

(i) 28 < 2A*!

(i) (2P+!x2P+2) x 2A*+ 15 gA+2p+2

(i) 24 124 +2 5 A+ 2p+2

(iv) 2P+ 1A +P+2 5 gA+2p+2
If the product of a collection of more than one element of P is in P then the collection consists of
exactly two elements with one from P; and the other is from P, with the product being in P3. The
product of the smallest element in P; and the smallest in P, is equal to the smallest element in Ps.
That is 2P * 'x2** ! = 24 *P*2 The other products are greater than 2* * P * % The product of the
smallest element in P; and the largest element in P is equal to the largest element in P5. That is,
2P+ IxpA P = pA+ 2+ 1 Therefore it is not possible to get any other product in P; with one
element as 2° *' and another from P,. In both the cases the corresponding edges are incident on
only one vertex.
The elements 24 * 2P+ D= ®+D gnq pA+20+2=®+D £5r 5 < § < p are uniquely determined. Thus the

collection of 2(p-1) elements gives the products F(v;) for 3 <1 < 2p. If f(e;) x f(ex) X ... X

f(e)eP for r> 1 and ej,ey, ... e,€E thenr =2 and the edges e; and e, are incident on a vertex.

Therefore for some p > 2, the graph (C,,U3K>) is an edge product graph. Hence EPN(C,,) < 3 for
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some p = 2 leads to the desired result that EPN(C,y) = 3 for some p = 2. The following graph

C19U3K, shows that EPN(C;) = 3.
Vi
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Figure 2
Case (2) when q is odd

Let q = (2p + 1) for some p = 2. Suppose the graph (Cyp+ 1)UrK») and EPN(C(y; + 1)) = r where r is
the smallest number such that C, 4 1)1s a cycle on (2p + 1) vertices.

Then (C(zp + 1)UrK)) 1s an edge product graph. The vertex set and the edge set of C(pp 4+ 1) are Vi =

{Vi,va, .o, vap, Voprr } and By = {vivi 1y 1 S1<2p}U{vp 4 1)v1} respectively.
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Let f: E — P be an optimal edge function and F be its corresponding optimal edge product
function. If the number r = 2, then the range of the function F has only two elements.
F(vi)=F(v3) = ... =F(vp-1)) and F(vy) =F(v4) = ... = F(vy,). But the optimal edge product
function F(v(o, 4+ 1)) 1s neither F(v;) nor F(va,) as both the vertices vi and vy, are adjacent to vy +

1)- Hence r 2 3 and EPN(C 2y + 1)) = 3 for all p > 2. Now by giving an appropriate edge function to

show that EPN(C3p+ 1)) =3 for all p 2 2. Consider the graph (Czp + 1)U3K3) and V = {vy, vo, ...,
Vp + 1), Wi, W2, W3, W4, Ws, We}, the vertex set and E = {vivi,1): 1S1<2p} U {vip+ 1yvi, wiwg,
W3Wa4, WsW ), the edge set of G. The elements of Pis {2° 7' "1 <i<pju{2°*P 1"h1<i<(p-

1) JU{2@+D/2 @ +b) /2 + (o= Dy [ oa+ @B/ D)+ (p=1) ga+b+p=2 gusbep=ly (pore s = (1 7)
and b = (3p” + 8p + 6).

Define the edge function f: E — P by f(voi_ 1yva) =2* ' " for 1 <i<p; f(vaivais ) =2° P11
for 1 <i<(p—1);f(VapVps 1) = 24772 f(vigp 1yv1) = 2P0 s f(wywy) = 277 (@012
+(P*1);f(w3w4):221+b+p72andf(wsw6):2a+b+p—1'

Thus for the edge function f, the graph (Cpp + yU3K5) is an edge product graph for all
p = 3. Hence EPN(Cy + 1)) =3 for all p = 3. Thus we obtain that EPN(C,) = 3 for all

q = 4. The following graph CsU3K; shows that EPN(Cs) = 3.

Figure 3
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