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Abstract: For many medical studies involving treatment comparisons, randomization 
(randomly assigning patients to one of the groups) is considered paramount in order to avoid 
unforeseen associations, contingencies and/or interdependencies that may disqualify the 
statistical findings of study outcomes. ‘True’ randomization is impossible when sample sizes 
are small, as they are in this study: assigning a volatile or an intravenous anesthetic to patients 
arriving at an emergency room with TBI (traumatic brain injury). Patients were alternatively 
assigned sedation with sevoflurane or propofol — a ‘randomization’ procedure not unusual in 
similarly designed studies. We investigate whether the samples are homogeneous at onset 
(rather than attempting to find confounding effects in study outcomes): are the distributions of 
patients by age, by duration of stay in the ICU (intensive care unit), and by sex insignificantly 
different in the two groups? Are there correlations between duration of stay and age, and, if so, 
can these alter the outcomes of ICU care? The suite of methods we use are: ML (maximum 
likelihood), Bayesian inference and nonparametric estimation of probability density functions 
using KDE (kernel density estimation). Significance is determined using Wilks lambda and 
confusion matrices. We find that the two groups are homogeneous with respect to all the 
variables we have investigated; none of these variables can be considered confounding in 
outcome analyses. We also found that duration of stay cannot be regressed against age at 
admission as a predictor (an unexpected result for clinicians treating these patients). We 
recommend that these methods be applied to test for homogeneity of groups in studies with 
small sample sizes. 
Keywords: Randomized studies, Maximum likelihood, Wilks lambda, Bayesian statistics, 
Kernel density estimation, Sevoflurane, Propofol, Traumatic brain injury, Small sample sizes, 
Confusion matrix. 

Introduction 

In many effectiveness comparisons in medical research, the strategy “randomization” is 

considered paramount.  Whether the comparisons are between a  “treated”  versus a “placebo”  

group, or between a group with  “Treatment A”  versus a group with  “Treatment B”,  or some  
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other analogous separation of the patient pool into two (or more) groups, one is concerned 

whether there are hidden correlations, contingencies, associations, interdependencies or other 

as-yet-unknown effects if the assignment of patients is not random. Specifically: by 

“randomization” one ‘randomly’ assigns patients to groups in the hope that unknown factors 

will be equally frequently present in each of the groups so that only the sought-after treatment 

effect can be statistically detected. 

It seems reasonable to assume that, if the number of patients is large enough and the 

pseudorandom number generator that is used to assign a patient to one of the groups is 

reasonably reliable, randomization will prevent unknown effects from suggesting outcomes 

that would be statistically questionable. Even in a meta-analysis of a large number of studies 

(Jerath et al., 2017) that compares the limitations and advantages of volatile anesthetics versus 

intravenous ones, moderate heterogeneity of the populations was observed; Jerath et al. point 

out that randomization is not necessarily adequate, even if sample sizes are large. 

However, in clinical practice, using a (pseudo)random number generator to assign patients 

to one or another treatment regime would be deceptively straightforward and the attendant 

expectation futile. There are scenarios in which many patients are not (yet) participants at the 

onset of the trial: assignments may take place as patients enter a treatment regimen. De facto, 

the randomization is then implemented by alternatively assigning patients to Group A or Group 

B. A further serious complication arises if the number of patients in a study is small; this latter 

case is the primary (though not the only) concern dealt with in this paper. Ring et al. (2018) 

have discussed the possibility of heterogeneity of (what they call) subgroups in clinical efficacy 

trials. They use generalized linear models to detect differing outcomes due to heterogeneity. 

Our approach in this paper is by necessity different, yet complementary, because we do not 

attempt to detect heterogeneity via outcome differences; rather, we statistically analyze the 

possibility of input heterogeneity. 

We do not address, in this paper, how reliable pseudorandom number generators are 

because they are not applicable in the scenario we present here. Rather, we present a suite of 

testing methods (and their outcomes) that can be used to avoid the issue of putative statistical 

artefacts distorting the conclusions from a study: we test for the homogeneity/heterogeneity of 

various parameters across both groups. Homogeneity can and will be tested using ML 

(maximum likelihood) methods, Bayesian likelihoods and KDE (kernel density estimation) 

using an AI (artificial intelligence) learning algorithm. We clarify how these techniques are 

applied in the Methods section.  



                                         Can Conventional Randomization in Clinical Trials with Small …                           940 

 

Materials 

During one year, 32 patients were brought to the emergency operating room at our trauma 

center: 26 males and 6 females. They were alternately assigned sedation with propofol or 

sevoflurane; because the alternative assignment took place before admittance to the ICU, there 

were 17 sevoflurane and 15 propofol patients. A comparison of their vital parameter statistics 

during their treatment in the ICU, dependent on whether they were administered sevoflurane 

or propofol, will be published elsewhere. Here, we focus on identifying how homogeneous the 

two groups are at onset; or: how effective randomization by alternately assigning patients to 

one of the groups at trauma center admission could be. 

For each patient, sex, date of birth, date of TBI event, date of admission and date of 

discharge from the ICU and assignment to the sevoflurane or propofol group were registered 

(Table 1). 

Methods 

Random variable extraction 

For each patient, age was calculated to the nearest day (difference between Julian days at birth 

and Julian days at TBI event, using a Gregorian calendar algorithm) and converted to centuries. 

Likewise, duration of stay (defined as the time interval between admittance to the ICU and 

discharge from the ICU, both registrations to the nearest minute) was calculated in days and 

converted to years, again using the Gregorian calendar algorithm. Conversion to centuries (for 

age) and days (for duration of stay) ensures numerically stable entries and allows inclusion of 

maximum likelihood estimation of hyperparameters of (analytic) distributions on a finite 

domain. 

ML methodology 

We avoid the Prosecutor’s Fallacy (Jeffreys, 1932; Gigerenzer, 2004; Krzywinski & Altman, 

2013; Altman & Krzywinski, 2017) by not using t-tests, ANOVA, KS-tests, Mann-Whitney-U 

tests, etc. to compare point estimators (averages, estimated variances, rankings) of the two 

groups. Rather, we directly compute the likelihoods of various distributions for patients from 

Group A or Group B after finding the ML distribution for each group and both groups 

combined. We use Wilks Λ to determine the probability whether the two groups of ages have 

been drawn from the same (statistical) population (Eliason, 1993; Huelsenbeck & Crandall, 

1997; Prossinger & Bookstein, 2003). We then repeat this test for the duration of stay in the 

ICU (details in the Appendix). 
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Bayesian probability for sex assignment in each group 

We use Bayesian statistics to determine whether the ML probability of a female or a male is 

assigned to propofol or sevoflurane could be due to chance (details in the Appendix). 

Correlation distributions for age-duration pairs 

We test for possibly hidden correlations between the age and duration of stay of the patients; 

the pair age and duration of a patient is a data point in 2D and the points for sevoflurane patients 

and propofol patients may have significantly different correlations. We estimate the 

distribution (estimated with the jackknife method; see Appendix) of the correlations for age 

with duration of stay for sevoflurane and propofol. We calculate the confusion matrix (James 

et al., 2013) to determine whether the correlations are significantly different. 

Kernel density estimation 

For each patient, his/her age and his/her duration of stay is a data point in 2D. The probability 

density functions of the distributions of the points for sevoflurane patients and propofol patients 

may be different. We use KDE (kernel density estimation) as a non-parametric method that 

models the probability density function of the data set (age-duration pairs for all patients, 

separated by anesthetic) with a mixture of ‘simple’ analytic distributions (the kernels). In the 

software package MATHEMATICA® (which we use for the computing), the chosen kernel 

type is Gaussian and the data set is repeatedly partitioned into a training and a test set, until the 

convergence criterion is satisfied or no further improvement in estimation can be achieved (the 

latter is not the case in the analysis here). We then calculate the likelihood of sevoflurane 

patients for both pdfs to determine when the likelihood is greater for the 𝑝𝑑𝑓ୗୣ୴୭୤୪୳୰ୟ୬ୣ (‘True’) 

or for the 𝑝𝑑𝑓୔୰୭୮୭୤୭୪ (‘False’). The fractions ‘True’ and ‘False’ are the top row entries in the 

confusion matrix; the bottom row is computed in the same way, this time for propofol patients. 

Using KDE to estimate the pdfs via Gaussian kernels does not infer that the pdfs are 

multivariate normally distributed (for an example, see Hastie et al., 2017). 

Results 

The ages of the patients sedated by sevoflurane and those sedated by propofol are not 

significantly different (Table 2); the mode of the age of patients, estimated from the pooled 

distribution is 48.9 years. Likewise, the durations of stay for both groups of patients are not 

significantly different (Table 2); the mode of the duration of stay of the patients, estimated 

from the pooled distribution is 6.98 days. We list the modes of the pools of patients, because 

the groups are not significantly different. 
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The probability of a male being assigned to the sevoflurane group is 58 %, and for a female 

it is 30 %. However, because of small sample sizes, the ML Beta distribution is broad (Fig. 3) 

and the deviation from 50 % due to chance is not significant: 21.7 % for the males and 20.9 % 

for the females. Despite an occasionally extremely small number of patients (as herein), we 

must infer that the method of alternatively assigning to the sevoflurane and the propofol group 

ensures no bias in patient sex for either group. 

The correlation of duration of stay with age of patient is very close to 0, both for those 

treated with sevoflurane and those treated with propofol (Table 3; Fig. 4). The correlation 

distributions are not significantly different, but barely so (5 % for the off-diagonal confusion 

matrix entries after rounding; Table 3). This significance test implies that older patients do not 

have a longer stay, for example, and their duration of stay does not depend on whether they 

have been sedated with sevoflurane or with propofol. Furthermore, both correlations, being 

very close to zero, implies that there can be no putative mechanism involved that determines 

whether (or how) age influences duration of stay. 

The distributions of the data pairs duration and age are very dispersed (Fig. 5). Kernel 

density estimation of both pdfs shows, via the rendered contours, that the sevoflurane pdf 

overlaps the propofol pdf. In addition, the scatter in 2D shows why the correlations for 

sevoflurane and propofol are very close to 0. Furthermore, attempting a regression is unjustified 

for two reasons: (a) the residuals would be comparable in magnitude to the function values of 

the duration as a dependent variable, and (b) a regression assumes that age is a predictor for 

duration of stay (regardless of the assumed regression function); its use cannot be considered 

supported because of the very small correlations. An important result is, therefore, that for 

neither anesthetic is there a dependency of duration of stay on age of TBI patient. In other 

words: neither of the anesthetics prolongs the duration of stay in the ICU. We obtain this result 

despite small samples sizes. The confusion matrix derived from the likelihoods of the duration 

of stay versus age pairs has off-diagonal entries that are far from 5 % (Fig. 5, legend); we can 

imply that the confusion matrix is a test for how significantly different the two anesthetic 

probability density distribution functions are. 

Discussion 

The situation we present here is patients arriving for emergency surgery in a trauma center, 

specifically TBI (traumatic brain injury) patients, which are then ‘randomly’ assigned the 

anesthetic sevoflurane group or the propofol group. For randomization to be considered 

applicable, the chosen assignment method was alternative assignment. 
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TBI patients arriving as emergency cases are (thankfully, not least from the point of view 

of public health officials) few and far between. Can one assume randomness by alternating 

assignment at arrival times? We have quite often received manuscript rejections by peer 

reviewers because they claim in a blanket statement that they do not consider alternating 

assignment an adequate randomization for small sample sizes. Because tests for randomness 

per se (Markov processes: Gilks, 1996, Robert & Casella, 2004; time series analyses: 

Brockwell & Davis, 2002) necessitate large sample sizes, we cannot outright disregard the 

reviewers’ rejections if one accepts this framework of randomization. To be clear: other 

(published) studies that alternately assign patients to A or B are susceptible to this same 

criticism and we doubt, based on the published numbers of participants in various studies, that 

true (or adequately close to true) randomness had been tested for prior to acceptance (for 

publication) of the manuscripts. The issue of randomness has nothing to do with whether 

‘blind’ or ‘double-blind’ is necessitated in the study. In the specific case of arriving TBI 

patients, defining ‘blindness’ is inherently inappropriate: the patient is deeply sedated and 

therefore cannot fall victim to a placebo effect, and the clinician administering the assigned 

anesthetic does so irrespective of further emergency intervention. He or she has no choice of 

assignment and does not intervene during further treatment after patient discharge from the 

emergency room and being placed in an ICU where other clinicians are responsible for further 

treatment. In our trauma center, care of patients in the ICU was no different for sevoflurane or 

propofol patients. We present statistical analyses of vital parameters during care in the ICU 

elsewhere. 

Not meeting the criteria of randomness (sometimes called ‘inhomogeneity’; James, 2013) 

despite alternating assignments to pre-defined groups may appear in almost bizarre guises. 

Consider, for example, the extreme case that patients arriving are alternatively young males 

and old females. If there is a putative effect of sex and/or age on the effectiveness of treatment, 

then this extreme case of alternative assignment will not ensure randomness, despite using 

alternating assignments as ‘randomization’. The (critical) comment that suggests alternating 

assignment of young males and old females separately is misguided for two reasons. For one, 

the patients may include young females and old males (this is indeed the case in our study, see 

below) and, secondly, it could be that there is some further not-so-obvious (even: hidden, 

perhaps latent) parameter which has not been accounted for. The first objection to the criticism 

shows that each change in the alternating assignment regimen doubles the number of required 

patients. Even if one neglects the issue of the existence of a not-so-obvious further parameter, 
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then splitting into male/female and then young/middle-aged/old necessitates a six-fold increase 

in the numbers of patients. Strictly testing for randomness, furthermore, requires between 100 

to 1000 data points (Brockwell & Davis, 2002; Robert & Casella, 2004; Gilks et al., 1996). So 

we would need, in the most favorable situation, some 600 patients, and these 600 would have 

to be balanced! At our trauma center, we have not attained such a balance over the last 10 years. 

Furthermore, extending a study period over such a long time period draws the validity of the 

conclusions into question: treatments evolve, so treatments of patients admitted 10 years ago 

hardly compare with the recently admitted ones and durations of stay are no longer comparable. 

‘Randomization’ may sound reassuring, but could be quaint. We therefore did not attempt to 

investigate ‘balanced’ by tallying for parameter intervals. 

Using ML methods detected that the ages of the groups are samples that were not drawn 

from two different (statistical) populations. Likewise, the durations of stay were not drawn 

from two differently distributed populations. We can infer, therefore, that ages and durations 

were homogeneous and randomization by alternative assignments must be considered 

successful. 

We do not use the Laplace paradigm probability to test whether randomization skewed sex 

assignment; the formula for calculating the Laplace probability paradigm, namely, ( 𝑝 =

௡౜౗౬౥౨౗ౘౢ౛

௡౗ౢౢ
) (Laplace, 1825) is valid only for very large sample sizes 𝑛୅୪୪. Bayesian probability 

calculation has no such (simple) formula but also no such sample size restriction; in addition, 

testing whether the assignment of patients via sex differs from 50 % due to chance can be 

calculated via a straightforward integration of Bayesian likelihood. Even in the case of females, 

which were rare in the patient pool, skewed assignment is statistically not significantly different 

from chance. To wit: we can infer sex-homogeneity in the two groups. 

A challenging issue is whether there are correlations that differ between the two groups. 

Nonzero correlations may exist (in fact, because of statistical fluctuations, it is very unlikely 

that correlations computed from observational data are ever zero), even if there are no medical 

cause-and-effect mechanisms. ‘Large’ correlations are prerequisites for looking for possible 

physiological cause-and-effect mechanisms. A discussion of putative correlations is 

mathematically and statistically involved in any case, irrespective of whether the correlations 

in the two groups differ in some sense. We developed a homogeneity test by employing two 

analysis steps: we first used the jackknife method to find the distributions of the correlations 

of each group. The overlap of the pdfs (Fig. 4) is a true/false and positive/negative measure. 
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We find the off-diagonal elements in the confusion matrix are very close to 5 % — hardly an 

indicator of significantly different correlations. This calculation of the confusion matrix must 

be considered luxurious, however, because the correlations (although of opposite sign) are very 

close to zero; conventional medical analysis does not consider such small correlations as 

indicative of any putative mechanism; on this point, we concur. We pursued a further test for 

possible hidden interdependencies by estimating (via KDE) the pdfs of the duration of stay 

versus age-duration pairs, separated by anesthetic (Fig. 5). Again, we can estimate 

misclassification by looking at the likelihoods of the pairs for the two different pdfs and 

constructing a confusion matrix. The confusion matrix entries are insignificant, so the two 

groups are also homogenous by this test (Fig. 5). We obtain a further insight after applying this 

test: it is not meaningful to attempt regressing duration of stay as a dependent variable and age 

as a predictor variable and then testing for significant differences in the regression models 

(Prossinger & Bookstein, 2003). Such a regression may be suggestive, because clinicians may 

be wont to assume that older patients (regardless of their sex, Table 3) will stay longer in the 

ICU, and perhaps have an extended stay depending on the administered anesthetic. The insight 

we gain from our tests of homogeneity is a remarkable result: the regressions are meaningless, 

both because the correlations are so small and because the residuals will be comparable in 

magnitude to the estimated predicted durations. Age, irrespective of sex, is not a predictor for 

duration of stay. 

Finding a statistical signal in a data set is often far from trivial. If we approach the converse 

problem, namely whether there is no statistical signal, then — we claim — the task can be even 

more formidable. We have used a suite of very sensitive tests (and avoided fallacies by solely 

comparing means via t-tests and analyzing estimated variances via ANOVA) that are 

applicable even for non-normally distributed populations from which, as we have shown, these 

samples have been drawn. 

Conclusion 

We find that the claimed homogeneity of the two samples ‘survives’ five statistical tests. If 

there are any detected differences in vital parameters (intracranial pressure, body temperature, 

mean arterial pressure, end-tidal CO2, heartbeat frequency, etc.), they must be due to some 

physiological mechanisms and not due to ‘insufficient randomization’ of assignment to 

sevoflurane or propofol. We can, and do, reject objections such as “insufficient 

randomization”. Rather than discarding a finding due to insufficient sample size for testing 

randomness, we replaced testing for randomness with a combination of ML and Bayesian 
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probability tests to support our claim of sufficient homogeneity as a replacement for testing for 

randomness. 
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Tables 

Table 1 Properties of the patients that were admitted in a ‘randomized’ (actually: alternating) 
order to the emergency room and later transferred to the ICU. Ages had been calculated to the 
nearest day (listed in years) and duration of stay to the nearest minute (listed in days) using a 
Gregorian calendar algorithm. We note that the number of females is very small; nonetheless, 
as we show in this paper, meaningful statistical analyses are possible. 
  

 n Age Range (years) Duration (days) 

Males 
Sevoflurane 15 20.98–65.29 4.50–13.00 

Propofol 11 21.82–80.03 4.50–12.75 

Females 
Sevoflurane 2 45.00–60.28 6.99–9.75 

Propofol 4 54.17–73.20 5.00–13.50 
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Table 2 The ML (most likely) distributions of the ages of the patients admitted in a randomized 
order to the emergency room and the ML distributions of duration of stay in the ICU. The ML 
distributions were calculated for ages in centuries and durations in years. The significance is 
the probability that the distributions are drawn from different populations. Thus, a significance 
of 29.3 %, say, shows that there is no significant difference in the duration distributions for the 
anesthetic used. 
  

 ML Age Distribution Mode (years) Test 

Sevoflurane Beta distribution(5.77, 7.47) 42.4 
Wilksஃ = 5.57 

Propofol Beta distribution(4.65, 3.90) 55.7 

Pooled Weibull distribution(3.40, 0.542) 48.9 𝑠𝑖𝑔 > 6.1 % 

 ML Duration Distribution Mode (days) Test 

Sevoflurane Lognormal distribution(−3.79, 0.274) 7.65 
Wilksஃ = 2.45 

Propofol Lognormal distribution(−3.94, 0.344) 6.37 

Pooled Lognormal distribution(−3.86, 0.313) 6.98 𝑠𝑖𝑔 > 29.3 % 

 

Table 3 The results of using the jackknife algorithm to estimate the correlation distribution of 
the pairs age vs. duration of stay, for sevoflurane and propofol separately. The sample 
correlations are estimated from the samples, the ML correlations from the estimated 
distributions (Beta distributions; Fig. 4). The probabilities (significances) that the correlations 
of the different anesthetics are significantly different (off-diagonal entries in the confusion 
matrix) are exceedingly close to the conventional significance level (5 %). Irrespective of the 
choice of significance level, however, the correlations are so close to 0 that a discussion of 
significance level must be considered luxurious. Fig. 5 clarifies these conclusions by showing 
the result of kernel density estimations. 
  

durationage sample Correlation ML Correlation Confusion Matrix 

Sevoflurane –0.0743 –0.0741 
ቀ

95.00 5.00
4.54 95.46

ቁ 
Propofol +0.1485 +0.1496 
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Figures 

Figure 1 The ML probability density functions of the patient ages in the sevoflurane group 
(sepia), propofol group (green) and both groups pooled (dark cyan). The modes for each group 
(sevoflurane: 42.4 years; propofol: 55.7 years) and both groups combined (48.9 years) are not 
significantly different, as determined by using Wilks Λ test (Table 1). 

 

Figure 2 The ML probability density functions of the duration of stay in the sevoflurane group 
(sepia), propofol group (green) and both groups pooled (dark cyan). The modes for each group 
(sevoflurane: 0.0210 years = 7.67 days; propofol: 0.0174 years = 6.36 days) and both groups 
combined (0.0191 years = 6.98 days) are not significantly different, as determined by using 
Wilks Λ test (Table 1). 
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Figure 3 The posterior likelihood for an individual in the randomized data set being treated 
with sevoflurane for a given sex: (a) males and (b) females. The (conjugate) posterior 

likelihood is a Beta distribution; the shaded area (a) ∫ ((𝛼, 𝛽)𝑠)
భ

మ
଴

d𝑠 is the probability of 

assigning a male to the sevoflurane group due to chance and (b) ∫ ((𝛼, 𝛽)𝑠)
ଵ

భ

మ

d𝑠 is the 

probability of assigning a female to the sevoflurane group due to chance. For both sexes, the 
probability of bias is not significant, despite the small sample sizes (one reason Bayesian 
methods are needed for small sample sizes). The probability that a female is assigned to 
sevoflurane due to chance is 20.9 %; for the males it is 21.7 %. Thus, for both sexes, the mode 
being different from 50 % is insignificant. 
 
 (a) 
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(b) 

 

Figure 4 The distribution of the correlations between age of patients and duration of stay in 
the ICU, for sevoflurane and for propofol. The distributions (Beta distributions) had been 
obtained by using the jackknife method (Efron, 1982). Despite the modes apparently being 
different, they are not significantly different, as the confusion matrix shows (Table 3). The 
areas of the shaded regions in the graphs are the probabilities of misclassifications; their values 
are the off-diagonal elements in the misclassification matrix (Table 3). We note that the 
abscissa scale shows that the modes are actually very close together and all correlations are 
very close to zero. 
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Figure 5 The contour plots for the KDE (kernel density estimation) of age-duration pairs, 
separated by the anesthetic (sevoflurane: green contour lines and green dots; propofol: red 
contour lines and red dots). The contour lines show the best kernel density estimations and 
there is no distinct separation of age–duration pairs by anesthetic. The (large) scatter of both 
red and green discs explains why the correlations are close to zero (Fig. 4) and their 
considerable overlap explains why they are not significantly different (Table 3). In any case: 
the distributions show that regressing duration as a function of age is unjustified, as the 
residuals are comparable in magnitude to the function values (not shown). The graph 
furthermore shows that age of patients cannot be modeled as a predictor for duration of stay 
(contrary to the intuitive expectation: ‘older’ patients might remain longer until fit for discharge 
from the ICU), neither for sevoflurane, nor for propofol. We use the respective KDEs for the 
pdfs for each anesthetic to calculate the confusion matrix: 

൬
Trueୗୣ୴୭୤୪୳୰ୟ୬ୣ Falseୗୣ୴୭୤୪୳୰ୟ୬ୣ

False୔୰୭୮୭୤୭୪ True୔୰୭୮୭୤୭୪
൰ = ቀ

82.4 % 17.6 %
26.7  % 73.3 %

ቁ. 
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Appendix 

Testing for significance of differently distributed populations using Wilks Λ 

Formally: we calculate the most likely (ML) likelihood (  data୅)  (…likelihood; 

…hypothesis) that dataA is drawn from one of five distributions: a normal (ଵ = (μ, σ)), 

a lognormal (ଶ = ln(μ, σ)), a Weibull (ଷ = (𝑘, λ)), a Gamma (ସ = (𝑘, θ)), or a 

Beta (ହ = (α, β)) distribution by finding the ML hyperparameters of each and choosing 

the distribution with the highest maximum log-likelihood ln୅ = ln୅(୑୐  data୅); we 

repeat these calculations for dataB and data୅୆ = data୅ ∪ data୆. We then calculate Wilks Λ 

Λ୛୧୪୩ୱ = −2(ln୅୆ − (ln୅ + ln୆)) 

For sufficiently large sample sizes, Wilks Λ is ଶ -distributed with df = df୅ + df୆ − df୅୆  

degrees of freedom (Wilks, 1937). The probability of the two samples having been drawn from 

one population is 

𝑠𝑖𝑔 = න 𝑝𝑑𝑓(ଶ(df), 𝑢)
ஶ

ஃ౓౟ౢౡ౩

𝑑𝑢 

Testing whether a deviation from 50 % is due to chance for small sample sizes 

In Bayesian statistics, the probability s is a random variable defined over the (real) interval 𝑠 ∈

(0,1)  . The pdf (probability density function) of s is called the likelihood function (Bishop, 

2006; Knuschke, 2015). Observations (called ‘evidence’) update the likelihood function via 

Bayes’ Theorem (MacKay, 2003; Bishop, 2006) 

୮୭ୱ୲ = 𝑒𝑣𝑖𝑑𝑒𝑛𝑐𝑒 ∙୮୰୧୭୰ 

If 𝑛ଵ cases have been observed for one treatment/sex (probability s) and 𝑛ଶ cases of the other 

treatment/sex (probability (1 − 𝑠)), then 

୮୭ୱ୲ = constant ∙ 𝑠௡భ ∙ (1 − 𝑠)௡మ ∙୮୰୧୭୰ 

The constant will be determined by integration. We use Jeffreys prior (Jeffreys, 1946): 

୮୧୭୰ =
1

𝜋√𝑠ඥ(1 − 𝑠)
=

1

𝜋
𝑠ିభ

మ(1 − 𝑠)ିభ
మ 

because we do not know a priori (quite literally) any incoming patient’s attribute. 

Therefore 

୮୭ୱ୲ = constant ∙ 𝑠௡భ ∙ (1 − 𝑠)௡మ ∙ 𝑠ିభ
మ(1 − 𝑠)ିభ

మ 
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This posterior likelihood function is the pdf (probability density function) of a Beta distribution 

(Bishop, 2006) with 𝑚𝑜𝑑𝑒 =
௡భାభ

మ

௡భା௡మାଵ
. The mode 𝑠୑୐ (the most likely probability) is where the 

Beta distribution has a maximum. 

The probability 𝑝𝑟𝑜𝑏 that 𝑠୑୐ ≠
ଵ

ଶ
 being due to chance is 

𝑝𝑟𝑜𝑏 = ∫ ୮୭ୱ୲(𝑠)
భ

మ
଴

𝑑𝑠 or   𝑝𝑟𝑜𝑏 = ∫ ୮୭ୱ୲(𝑠)
ଵ

భ

మ

𝑑𝑠 

depending on which side of 
ଵ

ଶ
 the ML probability sML lies (Fig. 3, for example). If the 

probability 𝑝𝑟𝑜𝑏  is not close to zero, then the condition of adequate randomization (as 

understood in clinical effectiveness trials) is met, even though the condition of randomness 

cannot be tested directly for small sample sizes. On the other hand, if prob is insignificant (at 

whatever significance level the clinical team chooses, often 5 %) for the allocation of sex, say, 

then randomization of the sex of assigned patients is ensured. 

Using the jackknife method to estimate the distribution of a correlation 

The estimated correlation between two samples is a number; we avoid assuming that the 

correlations are normally distributed, so we will not use an uncertainty measure derived from 

normal distributions. Instead, we use the jackknife method (Efron, 1982): if there are n data 

points in a sample, we generate n samples by deleting the data point in the (original sample) at 

the ith position. We calculate the correlation for each of these n ‘jackknifed’ samples and find 

the ML Beta distribution of these n ‘jackknifed’ correlations (the correlations are shifted by +1 

and scaled by 
ଵ

ଶ
 so that these transformed ‘jackknifed’ correlations lie in the domain (0,1)   

of the Beta distribution). We construct the confusion matrix by calculating the false assignment 

(shaded area in Fig. 4) for each correlation distribution. 

 

 

 

 


